The representation sets of a central square C-loop are investigated. Isotopes of central square C-loops of exponent 4 are shown to be both C-loops and A-loops.
The right nucleus of L is the set N ρ (L, ·) = {a ∈ L : y · xa = yx · a ∀ x, y ∈ L}.
The middle nucleus of L is the set
The nucleus of L is the set
The centrum of L is the set C(L, ·) = {a ∈ L : ax = xa ∀ x ∈ L}.
The center of L is the set Z(L, ·) = N(L, ·) ∩ C(L, ·).
L is said to be a centrum square loop if x 2 ∈ C(L, ·) for all x ∈ L. L is said to be a central square loop if x 2 ∈ Z(L, ·) for all x ∈ L. L is said to be left alternative if for all x, y ∈ L, x · xy = x 2 y and is said to right alternative if for all x, y ∈ L, yx · x = yx 2 . Thus, L is said to be alternative if it is both left and right alternative. The triple (U, V, W ) such that U, V, W ∈ SY M(L, ·) is called an autotopism of L if and only if
SY M(L, ·) is called the permutation group of the loop (L, ·). The group of autotopisms of L is denoted by AUT (L, ·). Let (L, ·) and (G, •) be two distinct loops. The triple
In [13] , the three identities stated in [11] were used to study finite central loops and the isotopes of central loops. It was shown that in a finite
. A C-loop is both an LC-loop and an RC-loop ( [11] ), hence it satisfies the formal. Here, it will be shown that LC-loops and RC-loops satisfy the later formula.
Also in [13] , under a triple of the form (A, B, B)((A, B, A)), alternative centrum square loop isotopes of centrum square C-loops were shown to be C-loops. It will be shown here that the same result is true for RC(LC)-loops.
It is shown that a finite loop is a central square central loop if and only if its left and right representations are closed relative to some left and right translations.
Central square C-loops of exponent 4 are shown to be groups, hence their isotopes are both C-loops and A-loops.
For definition of concepts in theory of loops readers may consult [5] , [22] and [16] .
2 Preliminaries
If there exists
• The set of all µ-regular bijections in a loop 
Definition 2.2 A loop (L, ·) is called a left inverse property loop or right inverse property loop (L.I.P.L. or R.I.P.L.) if and only if it obeys the left inverse property or right inverse property(L.I.P or R.I.P):
x λ (xy) = y or (yx)x ρ = y. Hence,
it is called an inverse property loop (I.P.L.) if and only if it has the inverse property (I.P.) i.e. it is both an L.I.P. and an R.I.P. loop.
Most of our results and proofs, are stated and written in dual form relative to RC-loops and LC-loops. That is, a statement like 'LC(RC)-loop... A(B)' where 'A' and 'B' are some equations or expressions simply means 'A' is for LC-loops while 'B' is for RC-loops. This is done so that results on LC-loops and RC-loops can be combined to derive those on C-loops. 
Finite Central Loops Lemma 3.1 Let L be a loop. L is an LC(RC)-loop if and only if
Proof L is an LC-loop if and only if x · (y · yz) = (x · yy)z for all x, y, z ∈ L while L is an RC-loop if and only if (zy · y)x = z(yy · x) for all x, y, z ∈ L. Thus, L is an LC-loop if and only if xR y·yz = xR y 2 R z if and only if R y 2 R z = R y·yz for all y, z ∈ L and L is an RC-loop if and
The converse is achieved by reversing the process.♠
Lemma 3.2 A loop L is an LC(RC)-loop if and only if
and R z (L z ) respectively with α and β, the result follows. The converse is achieved by doing the reverse.♠
Theorem 3.1 Let L be a loop. L is an LC(RC)-loop if and only if
Proof L is an LC-loop if and only if x · (y · yz) = (x · yy)z for all x, y, z ∈ L while L is an RCloop if and only if (zy · y)x = z(yy · x) for all x, y, z ∈ L. Thus when L is an LC-loop,
and L x (R x ) with α and β respectively, we have
The converse follows by reversing the procedure.♠
Theorem 3.2 Let L be an LC(RC)-loop. L is centrum square if and only if
α ∈ Π ρ (Π λ ) implies αβ ∈ Π ρ (Π λ ) for some β ∈ Π ρ (Π λ ). Proof By Lemma 3.1, R y 2 R z = R y·yz (L y 2 L z = L zy·y ). Using Lemma 3.2, if L is centrum square, R y 2 = L y 2 (L 2 y = R y 2 ). So: when L is an LC-loop, R y 2 R z = L 2 y R z = R z L 2 y = R z R y 2 = R y·yz while when L is an RC-loop, L y 2 L z = R 2 y L z = L z R y 2 = L z L y 2 = L zy·y . Let α = R z (L z ) and β = R y 2 (L y 2 ), then αβ ∈ Π ρ (Π λ ) for some β ∈ Π ρ (Π λ ). Conversely, if αβ ∈ Π ρ (Π λ ) for some β ∈ Π ρ (Π λ ) such that α = R z (L z ) and β = R y 2 (L y 2 ) then R z R y 2 = R y·yz (L z L y 2 = L zy·y ). By Lemma 3.1, R y 2 R z = R y·yz (L zy·y = L y 2 L z ), thus R z R y 2 = R y 2 R z (L z L y 2 = L y 2 L z ) if and only if xz · y 2 = xy 2 · z(y 2 · zx = z · y 2 x). Let x = e, then zy 2 = y 2 z(y 2 z = zy 2 ) implies L is centrum square. ♠ Corollary 3.1 Let L be a
loop. L is a centrum square LC(RC)-loop if and only if
1. αβ ∈ Π ρ (Π λ ) for all α ∈ Π ρ (Π λ ) and for some β ∈ Π ρ (Π λ ), 2. αβ ∈ Π ρ (Π λ ) for all β ∈ Π ρ (Π λ ) and for some α ∈ Π ρ (Π λ ).
Proof
This follows from Lemma 3.1 and Theorem 3.2.♠
Isotope of Central Loops
It must be mentioned that central loops are not conjugacy closed loops(CC-loops) as concluded in [23] or else a study of the isotopic invariance of C-loops will be trivial. This is because if C-loops are CC-loops, then a commutative C-loop would be a group since commutative CC-loops are groups. But from the constructions in [19] , there are commutative C-loops that are not groups. The conclusion in [23] is based on the fact that the authors considered a loop of units in a central Algebra. This has also been observed in [1] .
L is an LC(RC)-loop if and only if
Proof According to [19] , L is an LC-loop if and only if x · (y · yz) = (x · yy)z for all x, y, z ∈ L while L is an RC-loop if and only if (zy · y)x = z(yy · x) for all x, y, z ∈ L. x · (y · yz) = (x · yy)z if and only if x · zL 
loop. L is an LC(RC, C)-loop if and only if
R y 2 (R 2 y , R 2 y )∈ Φ(L) and (R y 2 ) * = L 2 y (R 2 y ) * = L y 2 , (R 2 y ) * = L 2 y ∈ Φ * (L) for all y ∈ L.
Proof
. This mappings are isomorphisms. Using the hypothesis,
H) for all y ∈ H if and only if H is a C-loop. For the case of an RC-loop G, using h and h * as above but now defined as :
. This mappings are still isomorphisms. Using the hypotheses, h(R 5 Central square C-loops of exponent 4
For a loop (L, ·), the bijection J : L → L is defined by xJ = x −1 for all x ∈ L. 
